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Let B denote the infinitesimal operator of a strongly continuous semigroup 
S(t), with resolvent R, , on Banach spaceL. We define related operators P and V 
so that AR, f = Pf + XVf $ o(h), as h -+ O+. For 01, r) > 0 and possibly un- 
bounded, linear operator A, we let Us,?(t) represent a strongly continuous 
semigroup generated by orA + v$?. We show that under appropriate simul- 
taneous convergence of LY and 7, Ua,,Jt) converges strongly to a strongly con- 
tinuous semigroup U(t), having infinitesimal operator characterized through 
PA(VA)‘f where t = min{j > 0, PA(VA)’ # 0). We apply the abstract 
perturbation theorem to a singular perturbation initial-value problem, of 
Tihonov-type, for a non-linear system of ordinary differential equations. 
INTRODUCTION 
In [8] and [9] Thomas G. Kurtz gave abstract limit theorems for semigroups 
of perturbed infinitesimal generators; he proved these theorems through his 
extended Trotter-type convergence results given in [S]. 
We give an extension to these pertubation theorems of the following type. 
We let B denote the infinitesimal operator of a strongly continuous semigroup 
S(t), with resolvent R, , on Banach space L. We define related operators P and 
V so that AR,,f = Pf + XVf+ o(h) as X + Of. For a, n > 0 and a possibly 
unbounded, linear operator A, we let UaJt) represent a strongly continuous 
semigroup generated by crA + 7B. We show that under appropriate simul- 
taneous convergence of 01 and 7, U,,,(t) converges strongly to a strongly 
continuous semigroup U(t), having infinitesimal operator characterized through 
PA( VA)% where Y = min{j >, 0, PA( VA)j # 0). Theorem (1.7) of section 
one is a perturbation theorem in this framework. 
In [IO] T. G. Kurtz gives applications of his abstract perturbation theorems 
to singular perturbation problems for non-linear systems of ordinary differential 
equations. In section two we apply the abstract theorem of section one to a 
singular perturbation problem for a non-linear system of ordinary differential 
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equations, in the sense of Tihonov [16] and Levin-Levinson [1 I]. See also 
O’Malley [12] and [13]. Thus in Theorem (2.15) we show that the solution 
(XT& x, Y), Y’(t, x, y)) E R” x R”, satisfying a non-linear system of o.d.e.‘s 
E”3 = F(XE, Y’) 
<*Fe = G(X’, y’) + &@(XE, Ye) 
GYo, x, Y), w, x, YN = (x, Y) 
with a = r(b - a) for some non-negative integer Y, converges on compact sets 
as E J 0 to (Z(t, x), 0) where Z(t, X) satisfies 
-qt, 4 = w-w, 4) 
z-(0, x) = x, 
and H is given explicitly in terms of F, G, and G in (2.9). Here, in particular, 
we assume that the solution Y&t, X, y) of the associated boundary-layer equation 
(2.4) is asymptotically stable. We utilize the semigroup 
Wf = f(-w, x, Y), w, x, Y)) 
having infinitesimal generator @A + EC*B where Af = F * grad, f + G . grad, f 
and Bf = G . grad,f, and in the lemmas of section two we verify the con- 
ditions of the abstract perturbation theorems of section one. We conclude from 
Theorem (1.7) of section one that TJt) converges strongly to semigroup U(t), 
with generator characterized through J = H . grad, f, and that our singular 
perturbation result follows. 
Theorem (2.15) extends the results in section five of [lo]. 
T. G. Kurtz gives applications of his abstract perturbation theorems to 
convergence problems for random evolutions. These problems are related to 
singular perturbation problems for hyperbolic systems of p.d.e.‘s and certain 
abstract Cauchy problems. For surveys of the work in this area see the articles by 
Hersh [3] and Pinsky [15]. We discuss application to random evolutions of 
abstract perturbation theorems similar in spirit to those of section one, but with 
multiply-scaled coefficient functions, in [7]. 
1 
We develop notation and definitions for the abstract perturbation theorem of 
this section. Let A and B denote linear infinitesimal operators of strongly 
continuous contraction semigroups {T(t): t > 0} and {S(t): t > 0} respectively, 
defined on Banach space L. We assume that B is the closure of the operator B 
restricted to 9(A) n 9(B), the intersection of the domains of A and of B, i.e., 
9(A) n 93(B) is a core of B. 
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We define operator P by 
Pf = iii h SW e@S(t) f dt 
0 
with 9(P) given by those f for which this limit exists. We note that if 
exists, then 
$iry + j-‘S(t)f dt 471 
0 
Pf = $i+~ + I’S(t) f dt; 
0 
and if lim,,, S(t)f exists, then 




The operator P satisfies 
(i) P is a linear, bounded projection; 
(ii) S(t) Pf = PS(t)f = Pf for all f E 9(P); 
(iii) the range W(P) of P is the null space n(B) of B; and 
(iv) W(B) is dense in n(P). 
(1.4) 
See Hille-Phillips, ([SJ, p. 516) for proofs. 
We define operator V by 
Vf = ;~rn?‘” e-ht(S(t) f - Pf) dt 
0 
with 9(V) given by those f for which this limit exists. The operator V satisfies 
(i) BVf = Pf-f for all fog 
(ii) VBh = Ph - h for all h E 9(B) n 9(P) (1.6) 
(iii) BVg = -g for all g E W(B) 
THEOREM (1.7). Given the above notation and dejkitions. We let a and 77 
denote positive real parameters satisfying 7 + cc and oiT+l/~T -+ d for non- 
negative integer I and some d, 0 < d < 00; this convergence is represented by 
01,~ ---f A. We assume for each (Y, 7 that R(cu, 7) is a (possibly unbounded) linear 
operator such that the closure of olA + 7B + R(ol, q), with core 9(A) CT 9(B) n 
~(R(cx, v)), is the injkitesimal operator of a strongly continuous contraction semi- 
group UolJt) satisfying 




f E n(B); f E 9(( VA)j), (VA)if E 9(A) il LB(B) n qzqor, y)), 
and A(VA>jf E 9(P) forj = O,..., r with 
J$ln k (c+)iR(ar, T)(VA)‘f = 0 
’ 3=0 I 
We assume that PA(VA)jf = 0 for each j = 0, I,..., r - 1 and for all f ES, 
if r 2 1. We define the operator C on 9 by Cf = dPA( VA)‘f and assume that for 
someA > 0 
W(hl- C)39=, (1.9) 
where 9Z’(xI - C) is the closure of set W(Al - C). 
Then there exists a strongly continuous contraction semigroup U(t) on 9 with 
lim,,,+d uY.l)w = W) w f or each w E g. The infinitesimal operator of U(t) is 
the operator C restricted so that Cf E 9. 
Proof. From T. G. Kurtz ([9], Theorem 1.10) and ([8], Theorem 2.1) it 
suffices to exhibit for each f E 9, elements fa,, E 9(&A + ?B + R(ar, 7)) for 
which lim,,,,, fa,, = f and lima,V+d (d + @ + R(a, rl))fa.,, = Cf. Givenf EF 
we let h,,, = a C~J+)j( VA)jf and g,,, = a4f + c+hJ + (+> Bh,,, . 
Under the given hypotheses there exists for each 01 and 7, k,,, E 9(A) n 9(B) n 
-W?(a, rl)) satisfying limrr,n+d T%,, = 0, lim,,,+&h) Ah,, = 0, 
(see [9], Theorem (2.1); [6], p. 31; and the appendix of [7]). We let faen = 
f + d-lhu,n + rl-lk,,, . Then li&,,+A f ol.ll = f and since f E n(B) and from the 
choice of {kd,v} we obtain lim,,,,d(cllA + TJB + R(ar, 7)) fN,, = Cf. 1 
The special cases of ol = 1, 77 = e-l and 01 = l -l, 7 = c-2 are treated by 
T. G. Kurtz in ([9], Th eorems 2.1 and 2.2). See also the limit theorem of 
Hersh-Pinsky [4] and the author [6]. 
For conditions under which the closure of orA + 7B + R(or, 7) is the infini- 
tesimal operator of a strongly continuous contraction semigroup, see Pazy [14]. 
In the case in which R(or, 7) = 0, (1.8) f o 11 ows from Pazy ([14], Theorem 4.6). 
As in T. G. Kurtz ([lo], Corollary (2.6)), we can extend the conclusion of 
Theorem (1.7) to a broader class of functions. 
COROLLARY (1.10). We assume that the definitions and assumptions of 
Theorem (1.7) hold, and that f E 9(P) and Pf E 9. 
(i) For h + + co with X/T + 0 we have for each t > 0 
e-AsUa,n(t + s)fds = U(t) Pf. (1.11) 
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(ii) Assume (1.2) holds. Then for S --f 0 with ($)-I -+ 0 we have for each t > 0 
OL $ o s-1 I” ua,,(t + s)f ds = u(t) Pf- 9 9 0 
(iii) Assume (1.3) holds. Then for each t > 0 we have 
J$ r;,.,(t)f = U(t) Pf- (1.13) 
We also have for every t > 0 and any 0 < S < I 
(1.14) 
We state a lemma which is used in the application of Theorem (1.7) in the 
following sections. The lemma is used extensively by T. G. Kurtz in ([lo], 
Sections 3, 4, and 5) and is part of “semigroup folklore”. We state it here 
and give a proof for completeness of exposition. For a linear operator C, let 
G(C) = {(f, g); g = Cf} = graph of C and let C 19 denote the restriction of C 
to set 9. 
LEMMA (1.15). S pp u ose d is a Banach space and T(t): 6 --+ & is a strongly 
continuous contraction semigroup with injinitesimal operator J&‘. Let 9 be a subset 
of 6 with g = d and 9 C .9(d). Suppose A is an operator dejined on ~2 with 
A = & 19 and T(t): 9 + 52(A). 
Then& = Aandg(XI-- A) = 6. 
Proof. We show W(xT - A) = 8 and hence $%‘(xT - A) = 6. First suppose 
g s 9 and let f = 9(h; &)g = J’r e-V(t)g dt and fn = n-l C& e-“i/“T(i/n)g. 
We have lim,f, = f and lim, Afn = jr e+T(t)Ag dt; thus f E .9(x) and 
hf - Af = hf - &f = g. Now suppose g E 8; there exist {g,} C 9 with 
lim, g, = g. We have f,, = %‘(A; .&)gn E 9(a), hf,, - Afn = g, , and lim, fn = 
%?(A; &‘)g =f. Thus lim, Af,, = lim, ;\fn - g, = hf - g, f E 9?(A), and 
Xf-Af ==g. 
Because we also have that 9(s) is dense in & and jl hf - xf /j > h /If I/ for 
each h > 0 and all f E 9(x), we can apply the Hille-Yosida Theorem ([2], p. 30) 
to obtain that 2 is the infinitesimal operator of a strongly continuous contraction 
semigroup U(t): 6+ 8. If we denote @(A; A)g = sr e-AtU(t)g dt, then 
(A - ii) kqh; A)g = g f or each g E 6. Because 9?(h; 2) g E 9(A) C ~(JzJ’), we 
have (A - &) 9?(A; A)g = g and it follows that W(X; x)g = 9(X; &)g. From 
([2], Lemma 1.1, p. 26), we obtain T(t) = U(t) and& = 6. 1 
2 
In this section we apply Theorem (1.7) of Section 1 to a singular perturbation 
initial value problem for a nonlinear system of ordinary differential equations. 
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We IetF: Rk+ x (0, 00) --f Rk and G: Rk+” x (0, co) + Rm denote mappings 
with growth and regularity conditions given in the hypotheses (HI)-(H,) below. 
Let E > 0 and b > a > 0 be real parameters and r a positive integer with 
a = r(b - Q). We consider a singular perturbation initial value problem for 
(XV, x, Y), W, x, Y)) E R” x R” satisfying the non-linear system of ordinary 
differential equations 
PT~-~ = F(XE, P, c) 
l bPG = G(XE, YE, E) (2.1) 
(-qO, x, Y), wo, x, Y)) = (x, Y) 
Equivalently, we have, with (XJt, x, y), Y,(t, x, y)) satisfying 
GK(0, % Y), Ye@, x9 Y)) = (x9 Y>Y 
that (X,(~/E~), Yc(t/cb)) satisfies (2.1). H ere we consider the special case 
(24 
F(x, y, 4 = F(x, Y) + l +, Y, c) 
G(x, y, 4 = G(x, Y) + eb-‘+, Y) + cb+, Y, ~1. (2.3) 
Associated with system (2.1) are two auxiliary systems. The “boundary-layer” 
equation is given by 
x0 = 0 
Ii, = G(X,, , Yo) (2.4) 
Gxl(0, x, Y), Yll(O, XT YN = (% r>; 
the reduced equation is given by 
0 = F(X, Y) 
0 = G(X, Y) 
W(O, x, Y>, WA x9 Y>> = (x, Y>- 
(2.5) 
We list the hypotheses utilized in the proof of our perturbation theorem. For 
notational convenience we let a,G(x, y) denote the matrix ((alay,) Gi(x, y)), and 
i3~il...yirF(x, y) denote the function (8F(x, y)/ay,, ... a~,,). 
(H,) Functions F, E, G, G, G are Lipschitz continuous. 
(Ha) First through rth partials ofF, G, and G exist and are Lipschitz continuous 
(see VW. 
(Ha) Y, is asymptotically stable at zero, i.e., 
lim sup sup / Yo(t, x, y)l = 0 (2.6) t-xc e llec 
holds for each compact set C; and there is some p > 0 such that the eigenvalues 
of BUG(x, 0) have real parts less than -CL. 
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(HJ Functions G(x, 0), (a,G(x, 0)))l, and 8&l...y,VP(~, 0), together with their 
first through (r + 1)st partials, exist and are Lipschttz continuous and bounded. 
One of the functions (aVll..,, ,,F(x, 0)), G‘(x, 0) or (&,G(x, O))-l goes to zero as x 
goes to infinity. 
(HJ Given 71 > 0, there exists q, sufficiently small so that E < E,, implies 
sup sup j J-3(% y, c)I < ?1 
z ?/ 
sup SUP I e(X, Y, c)i < 7. 
2 Y 
(H6) We haveF(x, 0) = 0 = a~lI...,jnF(~, 0), n = l,..., Y - 1. 
(H,) There exists an M > 0 such that for / y / > M, we have F(x, y, 6) = 0 
and G(x, y) = 0 = 6(x, y, 6) for each E > 0. 
We comment on these hypotheses. From (Ha) we have that G(x, 0) = 0. 
Since we are interested in a “local” result, (H,) can be imposed on F, &‘, and 
6 satisfying (HI)-(Hs) through a modification which does not add further 
restrictions to our theorem; similarly other of the hypotheses can be added 
through modifications. Through (H,) we have that there exists M > 0 for which 
sup sup sup I Y,(t, X, y)I = Ml < co (2.7) 
lulaf 1: t>o 
andif/yj >M,,thenjY,(--t,x,y)j >Mforallt>Oandhence 
for all t > 0. 
Yo(-t, x, Y) = Y,(-4 x, Y) (2.8) 
There is some overlap here: e.g., given that (a,G(x, 0,)-l is bounded, (Ha) gives 
that (a,G(x, O))-r is Lipschitz continuous; and (Hr) allows less restrictive 
versions of (Ha) and (HJ. 
We now set up the system satisfied by the limiting solution of our perturbation 
problem. We define H: Rk + Rk by 
= + (+, 0) R(x) D,)‘F(x, 0) 
= v (&(x, O)(a,G(x, 0))-l D,)‘F(x, 0) (2.9) 
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where Q&(x, Y) =%,f(x, Y> and D,= (D,,, ,..., L&J; 
Gm 
with 
q(x) = f Gi(x, 0) ST {exp ta,G(x, O)},,j dt 
i=l 0 
= (-1) f G&x, O)&G(x, 0));: ; and 
i-1 
(2.1 I) 
R(x) = Ia exp{ta,G(x, 0)) dt. 
0 
(2.12) 
From hypotheses (H,), (Ha), and (H4) we obtain that each uj(x) and H(x) is 
Lipschitz continuous and bounded. From boundedness of each u,(x) and 
a;pl F(x, 0), together with (Ha), we obtain liml,l,, 1 H(x)/ = 0. We denote 
by Z(t,‘x) the solution of the nonlinear system 
.qt, x) = wqt, 4) 
Z(0, x) = x 
(2.13) 
From Lipschitz continuity of H we have that (2.13) has a unique solution satis- 
fying 
lim sup sup 1 qt, X) - X / = 0. 
lz~l+1-+0 O<KT lal<!s,l 
(2.14) 
The following theorem extends Theorem 5.11, T. G. Kurtz, [lo]. 
THEOREM (2.15). Given the above dejnitions and under hypotheses (HI)-(H,). 
If (Xc(t, x, y), Y,(t, x, y)) denotes the solution to (2.2) and Z(t, x) denotes the 
solution of (2.13), we have for each 6 > 0 and each compact set C in Rkfm 
lim sup sup 1 X,(t/cb, x, y) - Z(t, x)1 = 0 
E’O OG<6 (5*2/)EC 
(2.16) 
Proof. We prove that this theorem follows from Theorem (1.7). We first 
give the functional-analysis context for this application. We then verify that 
conditions (1.3) and (1.8) hold in this context by proving Lemma (2.26). Next we 
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introduce sets and operators which allow us to work with the desired limiting 
infinitesimal operator. We then prove that Condition (1.9) holds here through 
Lemmas (2.29) and (2.32). Finally, we finish the proof by applying Theorem (1.7) 
and by showing that its conclusion implies (2.16) and (2.17). 
Since in (2.6) the asymptotic behavior of Y,,(t, x, y) as t ---f a3 is not uniform 
in all of the ~1 space, we introduce the norming function y: Rk+ ---f R by 
y(x, y) = st;; r(i Yo(-t, x, y)l) 
= SUP r(i U-4 x, r)i) 
t>o 
where r: R -+ (0, 1] is any continuously differentiable function satisfying 
I’(U) > 0, r’(u) < 0, r(u) = 1 for u < MI, and limll+, r(u) = 0. The func- 
tion y satisfies the following properties: 
(i) 0 < y(x, Y) < 1 
(ii) ,F,ym S”,P Y(X, Y) = 0 
(iii) lJ% f (y(X, Yo(t, X, Y)) - Y(? Y)) 3 O 
(iv) ltz +- y X ( ( ,(t, x, y), Y,(t, XT Y)) - Yc% YN a 0 
(2.18) 
With notation E = Rk+, we introduce the function spaces e(E) = continuous 
functions on E vanishing at infinity; 
C,,(E) = closure of e(E) with respect to // * I/V , where 
iifll, = SUP I +,y)f@,~)l; and 
x.1/ 
C,“(E) = continuous functions on E with compact support, having 
jth derivative continuous, j = I,..., n 
We define operators B, , A,, R,(e), and CO(c) for E > 0 and f E C,l(E) by 
Bof by r> = G(x, Y> . w&f (x, Y) (2.19) 
-gof (x, Y) = J’(x, Y) * grad,f(x, Y) + e(x, Y) gr=Lf (x, Y) (2.20) 
Ro(4f(w) = E~C&,Y, 4 . grad,f(x,~) 
+ @x,y, 4 * g4,f(~,~~)~ (2.21) 
G(~>f(% Y) = Bof(? Y) + ~~-=Aof(~>y) + &(4f(x,~) (2.22) 
We denote by B, A, R(E), and C(E) the closure in C,(E) respectively of B, , A, , 
Ro(c), and C,,(E), each E > 0. 
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Since y satisfies (2.18)(iii), ( iv we have by Corollary 1.7 of [lo] that B and ) 
C(c) generate strongly continuous contraction semigroups on C,(E), respectively 
given by {5’(t), t > 0} and {T,(t), t > 0}, for each E > 0. For each f~ C(E) we 
have 
Wfh Y) = f(xt YOP, x9 Y)) (2.23) 
where Y,, is the solution of (2.4), and 
TEW f(X, Y) = f Gut, % Y), yit, 4 Y)) (2.24) 
where (XE , YJ is the solution of (2.2); also s(t) lecE, is a group generated by the 
closure of B, in C(E) with respect to the supremum norm /I .I], and TE(t) JecE, is 
a group generated by the closure of C,,(c) in C(E) with respect to 11 . (1 (See 
Theorem 1.1 of [lo]). 
Our interest is in the behavior of Tc(t/cb) as E -+ 0; in particular, forfE C(E) 
we study the behavior of f(Xc(t/cb, x, y), Y,(t/c”, x, y)) as E -+ 0. We observe 
that (T,(t/G), t > 0) h as infinitesimal generator E-~C(E) = E+A + ccbB + 
l bR(E). 
We define the projection operator P on C,,(E) by 
Pf(x, Y) = f(X, 0). (2.25) 
The following lemma shows that this definition of P is consistent with defining P 
through (1.3). 
LEMMA (2.26). For each f~ C,(E), we have that lim,,, 5’(t)f = Pf und 
lim,,o T&f = Wf. 
Proof. It suffices to prove these results for f~ C(E) since C(E) is dense in 
C,(E). To prove that lim,,, s(t)f = Pf for f E &(E), from (2.23) and (2.25) we 
must show that given E > 0, there exists T > 0 so that for all t > T 
SUP I Y(X! YUf(x, Y&t, x, Y)) - f (x, O>l I < 6. e,?l 
From (2.18ii), and since f vanishes at infinity, it suffices to show for No , M, and 
6 given, that there exists T > 0 so that for all t > T, 
sup I Yo(t, x, y)l -=c 6. 1%~ IVISM 
This follows from (2.6). 
We now prove that lim,,, T,(t)f = S(t)f for f E C(E). From the usual con- 
tinuous dependence argument for systems of o.d.e.‘s depending upon a parameter, 
we have for given parameters 7 > 0 and 6 > 0 and compact set K in E that 
there exists E,, > 0 such that for all 0 < E < e,, , 
sup sup I w,(C x, y) - Wco9 %Y)l -=c rl 
ostss h,dGX 
(2.28) 
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where lV,(t, x, y) = (X,(t, x, y), Y&t, x, y)) is the solution of (2.2) and 
@,,(t, x, y) = (x, Y,(t, x, y)) is the solution of (2.4). Given 7 > 0, there thus 
exists M, N, and E,, such that for all 0 < E < E,, 
1: w)f - +)fII, = sup / Y(X, ~)[f(W,(t, x7 Y)) --f(w& X, YNli Z,Y 
G 217 + ,$PP ,,“l”p, 1 Ax, Y)[f(w&, x, Y)) - fPd4 x, YNII z\ ,\ 
d 3.9 
Here we have used (2.23), (2.24), (2.18ii), (2.28), and properties offE C(E). 1 
Using S(E) and P given above, we define operator V through (1.5). It follows 
from (Ha) that for f E C,‘(E) we have 
Vf(x, Y) = km [f@, ~-ok x,Y)) - f(x, WI dt. 
We denote 9 = {f~ C,(E); f(x, y) = f(x, 0) = f(x),f~ C’+‘(E), x +f(x, 0) 
has compact support in Rk}. 
By the natural identification, we think of 9 as CL+l(P). 
LEMMA (2.29). For each f E 53, PA( VA)jf = 0 for j = 0, l,..., r - 1, and 
PA(VA)Tf(x) = H(x) . grad,f (x), where H is given in (2.9). 
Proof. For f E 9 we have from (H,) that f E LB(A) and Af(x, y) = 0 for 
j y 1 > M. Now, for any function g in C,(E) for which there exists K so that 
Ax, Y) = 0 for all I Y I > K we have from (HA (Hz), (IQ, U-b), (H,), and (H,) 
that g E g(V). Hence Af E g(V). Again, using (H,), (Ha), (Hs), (H,), and (H,), 
we obtain that f E C@((VA)j) and (VA)jf E g(A) for j = 2,..., r. It is clear from 
(H6) that PA(VA)jf = 0 for j = 0, l,..., r - 1; finally, we have 
PA(VA)‘f (x, Y) = A(VA)rf (x, 0) 
= f (& O))i D,,i(l/‘A)‘f(x, 0) 
i=l 
= l<w;ssm @(x, O),(K,(x)),,.D,,,D,,,(VA)T-lf (x, O,(& 0))s 
(KT(X))j,+l.alli,+z."21...ljm+(r+l)."7--lli7,al 
D 2.Q **. 4.aP&, 0) 4.J (x, O)(G, ONi, ... (G(x, O))& 
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and H(x) is given in (2.9). 1 
We define the operator Jo for g E C:(E) by 
Jo&, Y) = H(x) . gr4&, 0) (2.30) 
where His given in (2.9). Let J denote the closure of JO in the C,-norm. From 
From Corollary 1.7 of [lo] we have that J is the infinitesimal operator of a 
strongly continuous contraction semigroup T(t) on C,,(E). Since J [e(E) is the 
closure of J,, in the sup norm on e(E), it follows from Theorem 1 of [lo] that 
for all f E C‘(E). 
TWf (X> Y> = f(-a 490) (2.31) 
LEMMA (2.32). For f E 9, we have T(t)f E 63 and (2.31) holds. 
Proof. From I/ * //,-approximation offE 9 by (g,} C C(E), with T(t)g,(x, y) = 
g,(Z(t, x), 0), together with limited growth of .Z(t, x) due to H being bounded and 
continuous, we have (2.31) holds for f E 9. We show T(t): 5B -+ 9. Assumption 
(Ha) together with Theorem 7 of Coppel ([I], p. 24) give that azjl...zjnZ(t, x), 
1 < IZ < r + 1, are continuous and hence that T(t)fE P+l(E). That the 
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mapping x -+ W)f(x, y) = f(W, x),0) h as compact support follows from the 
continuous dependence on initial conditions for the solution Z(t, X) of (2.13). # 
Conclusion of the Proof of Theorem (2.15): As in Section one we denote 
9 = (f E n(B); f E g( V#) and (VA)jf E Q(A) 
forj = 0, l,..., Y, and (Vkl)3j~ ~(R(E)) n 9(B) for 
each E > 0, with its ,-(b-j(b-a))R(,)(~~)if = 0 
forj = l,..., Y}. 
From Lemma (2.29) and Assumptions (H,) and (Hs), we obtain 9 Cfl; it is 
also clear that the closure of 9 within 9 is 9. From Lemmas (2.29) and (2.32), 
we can apply Lemma (1.15) to obtain B?(M - PA( VA)‘) 3 9. From Theorem 
(1.7) we conclude that PA( VA)’ generates a strongly continuous contraction 
semigroup {U(t), t >, 0}, defined on g, satisfying 
ti o~~y,6 IITeWb>f - Wfll, = 0 (2.33) 
for eachfE 9 and 6 > 0. From Corollary (1.10) we conclude that 
lim sup /j TE(t/cb)f - U(t) Pflj,, = 0 
6’0 6<t<1/8 
(2.34) 
for eachf E C,,(E) for which Pf E g, for each 0 < 6 < 1. 
We finish the proof of the theorem by showing that (2.33) implies (2.16), and 
(2.34) implies (2.17). We use the following special forms of (2.33) and (2.34). 
For each compact set C in E, 6 > 0, and f E % we have 
:: o:&? c,:::c ’ f (xdt’ cb, x, y), y,(t/cb, x Y>> -f(z(t, 4, O>l = 0; (2.35) 
and for each f E 9, each C compact in E, and 0 < 8 < 1, we have from (2.34) 
bi 82t;y,8 (3~s;~~ I f(W/~b~ 3, Y), J’~(t/~“, x, Y)) -f(z(t, 4, WI = 0. (2.36) 
\ . 
Suppose (2.16) does not hold. Then for some 7 > 0, there exists E, 4 0, 
6 > 0, and C compact for which 
SUP SUP I -K,(thb, x, Y) - qt, 41 > 17. 
o<t<1/s (Z.dEC 
For this 7 > 0 we have for n >, 1, E,,JO, 0 <t, < l/6, and (x,,~,)EC 
satisfying 
I x&/%b, xn > ml - -qtn 9 %)I > 7. (2.37) 
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Let c = U~&(h y G>> and P~A,....~ is a finite T/Zpartition of C. Let fi 
be any function in 9 for which 
lx% Y> = % if XGE~ 
= 0 if x $ q/4 - neighborhood of Ei 
where 1 a, - ak 1 3 1, j f k. Then for f = C,“_lfj E 9 and these {G,}, {t,J, 
{(x, , y,)} we have from (2.37) that 
for all 71 > 1. This contradicts (2.35). Thus (2.16) must hold. Similarly, if (2.17) 
does not hold, then (2.36) fails to hold; thus (2.17) must hold. The proof of 
Theorem (2.15) is complete. 1 
Remarks. (i) Of course, the limiting solution (Z(t, x), 0) satisfies the reduced 
system (2.5) sinceF(x, 0) = 0 = G(x, 0) from (Ha) and (Hs). 
(ii) As a simple example consider functions F, G: R2 --+ R with sufficient 
regularity and growth properties so that (HI)-(HJ are satisfied and with 
0 = F(x, 0) = (i?/ay)F(x, 0) = ... = (P1/ayr-l)F(x, 0). Given b, a with 
6 > a > 0 and a = r(b - u). Let (P(t, x, y), Y’(t, x, y)) satisfy 
EbF = --Ye + &@(XE, Y’) (2.43) 
(XV, x, Y), wo, 5 Y)) = 6% Y) 
and let (Z(t, x)) satisfy 
Then from Theorem (2.15) we conclude 
for each 6 > 0, C compact in R2, and 
lim sup sup 1 YE(t, x, y)I = 0 
E-O 6ealS h,dEC 
(2.44) 
for each 0 < 6 < 1, C compact in R2. 
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